Abstract-A new nonlinear equivalent circuit model of a photodiode is proposed to describe the conversion of the laser relative intensity noise to microwave phase noise. This conversion is realized through a nonlinear RC circuit. The validity of this model has been confirmed by the good agreement between simulation and experimental results at different microwave frequencies. These simulations have been performed using commercially available harmonic balance simulation software.
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I. INTRODUCTION

R
F PHOTONICS technology offers an attractive alternative to classical electronic approach in various microwave systems. Fiber optics is indeed a small weight, low cost and small size technology for the transmission of microwave signals in a system. Moreover, the low losses and ultrawide bandwidth in optical fibers added to the high quality factor of optical resonators allow interesting functionalities for microwave signal processing.
One specific application named optoelectronic oscillator (OEO) allows the generation of ultra-stable spectrally pure microwave reference frequencies when the microwave photonic link is used as a feedback loop [1] . However, the OEO performance is affected by the noise of optical and microwave components in the loop. Amplitude and phase noise generated in the loop will affect the noise of the output signal, and degrade its spectral purity. Furthermore, due to optical link's nonlinearities, laser's amplitude and phase noise can be converted to microwave noise. The photodiode (PD) seems to be the main device responsible for these conversions [2] . To quantify and investigate this last phenomenon, we founded relevant to apply a physical equivalent circuit model of photodiode in a microwave circuit simulator, such as Agilent ADS.
In previous works, several equivalent electrical circuit models have been proposed for fast photodiodes [3] - [6] . To name only a few, G. Wang et al. have developed a timedelay equivalent-circuit model which includes both the carrier transit-induced time-delay effect and stored charge effect of p-i-n photodiodes in high-power operation [3] . Recently, M. Piels et al. have presented a new method for the simulation of photodiode nonlinearities, with a model including the effects of non-uniform three dimensional absorption and selfheating [4] . However, none of the previously proposed models treated completely the nonlinear behavior of the photodiode which causes the conversion of the amplitude laser noise to RF phase noise. The lack of model regarding this topic made this research necessary.
In this letter, a new photodiode nonlinear equivalent circuit model is proposed. This model is able to describe the conversion of the laser relative intensity noise into microwave phase noise. It completes the modeling approach of microwave optical systems suggested by H. Brahimi et al. [7] , which was not able of fully describe this conversion, especially close to the carrier (1/f noise).
II. CONVERSION OF AM LASER NOISE
TO RF PHASE NOISE The noise performance of a microwave optical system depends on several parameters, such as the laser noise and photodiode noise. However, at high optical power, the signal to noise ratio is generally dominated by the laser amplitude noise, or RIN (relative intensity noise). Moreover, the low frequency components of the RIN can be converted to RF amplitude and phase noise through the devices nonlinearities, and especially the photodiode, as it has been reported in delay line based OEOs by Eliyahu et al. [2] .
For low optical power levels, below the PD saturation power, the number of carriers in the PD increases with the increase of light power. Since the propagation speed of the RF signal depends on the number of carriers in the semiconductor, the RF phase will change as well [2] .
Therefore, the laser amplitude fluctuations will transfer into RF phase fluctuations, in a way that can be described by the qualitative equation:
where S ( f ) is the RF phase noise spectral density (rad 2 /Hz) at offset frequency f from the RF carrier, and
is the RF phase-to-optical power slope (rad/mW).
We have thus been particularly interested in the evolution of the See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. 
III. EXPERIMENTAL PROCEDURES
Our studies have started with the measurement of the RF power and the relative RF phase at the output of a Discovery DSC30S photodiode as a function of the modulated optical power at the input of the PD.
Therefore, the experimental set-up ( Fig. 1 ) has been realized with a 20 mW telecommunications laser module (1550 nm), temperature controlled and externally modulated at 10 GHz by means of a Mach-Zehnder modulator (MZM) biased at V π/2 in order to get a linear modulation (LM). The microwave signal comes from a calibrated vector network analyzer (VNA) working in a continuous wave (CW) mode. An Erbium Doped Fiber Amplifier (EDFA) has been also included in the setup, in order to get a higher optical power on the PD. The amplitude and phase responses of the S 21 (transmission) parameter were accurately measured while changing the received optical power at the photodiode input. To this purpose, a variable optical attenuator (VOA) has been used just before the photodiode, and therefore the MZM nonlinearity versus the optical power can be discarded.
The experimental results, presented in Fig. 2 , clearly show the nonlinear behavior of the PD and its ability to convert the laser RIN into RF phase noise. However, a zero slope in the photodiode's relative RF phase can be observed at optical input power of about 8-10 mW. At this specific point, the conversion of the laser amplitude noise is null [2] . This zero slope is particularly interesting in the context of low microwave phase noise [8] . The zero slope occurs at the beginning of the PD saturation. However, strong saturation on the RF amplitude is only visible at much higher power.
Furthermore, the relative RF phase increases with the increase of the modulation frequency. Thus, this noise conversion phenomenon will be more critical when the application is at higher frequencies. It is noteworthy that this phase parameter also varies with the temperature fluctuations of the MZM, which change slightly its bias point. For this reason, we controlled the MZM temperature by fixing the MZM on a thick brass plate with foam insulation. Another alternative, which has also been used for some of our experiments, is to take benefit of an active MZM bias locking system (in our case, a Photline MBC-AN controller).
IV. THE PD NONLINEAR MODEL
The nonlinear behavior of the photodiode could be also a result of a variation of its output capacitance but after an experimental study of a high speed InGaAs/InP PIN photodiode chip, we have had the confirmation that this behavior only comes from the carrier transit-time. We have indeed taken advantage of the photodiode chip to measure the output reflection coefficient S 22 at several input optical powers using the same experimental bench described in the above section. Fig. 3 shows the measured real and imaginary parts of S 22 versus frequency (from 40 MHz to 20 GHz) for several optical powers. It is clearly visible that the S 22 is constant versus the optical power, and that the output capacitance is constant as well.
Agilent ADS has been chosen to implement the PD model. The interest of this harmonic balance simulator lies in its ability to simulate the noise conversions between different carrier frequencies, even if these frequencies are as far apart as DC, 10 GHz (microwave signal) and 200 THz (optical carrier). It is however noteworthy that Agilent ADS library does not include optical or optoelectronic devices. These components have been implemented using electrical equivalent models (frequency sources, delay lines…) or mathematical equations thanks to the symbolically defined devices module of ADS (case of the MZM modulator). Details on this approach can be found in [7] .
The proposed nonlinear equivalent circuit of the photodiode is presented in Fig. 4 . The Optical/Electrical conversion is described as a quadratic detector using a nonlinear voltage controlled current source. The center section deals with the carrier transit time effects, which is represented by an R t C t circuit, where the capacitance is a nonlinear function of voltage. The nonlinear capacitance is defined as:
where V is the voltage across the capacitance, and α 1 , α 2 , and α 3 are the polynomial coefficients.
This nonlinear time-delay equivalent circuit is separated from the parasitic elements by a nonlinear isolator which also allows a current compression for high optical power. This isolator is defined as:
where I and V are the output current and input voltage of the isolator, Isat is the current saturation and its value is based on experimental studies. Finally, the parasitic parameters were added to the model, where R j and C j are the junction resistance and capacitance, respectively. C p is the parasitic capacitance, and L s is the series inductance.
V. RESULTS AND DISCUSSION
In Fig. 5 , the comparison between the measured and simulated relative RF phase data of the Discovery PD are presented for three different RF frequencies (2, 5, and 10 GHz).
By carefully choosing the values for the carrier transit-time components (R t ,C t ), and especially the polynomial coefficients (α 1, α 2 et α 3 ) of the nonlinear capacitance C t , the simulated relative RF phase results are in good agreement with the measured results, with a maximal error level in the relative phase difference below 0.3°.
Taking into account the difficulties and the precision of the measurements (particularly because of their temperature sensibility), we believe that the model presented in this letter is successful at modeling the photodiode nonlinear behavior. The simulated and measured frequency response of the photodiode at various optical power levels are depicted in Fig. 6 . Again, a relatively good agreement is found between simulated and measured data.
VI. CONCLUSION
We have proposed a nonlinear equivalent-circuit model of a photodiode which takes into account the carrier transit time delay. This model is skillful when it comes to represent the conversion of the laser amplitude noise into RF phase noise. We have been able to get a good match with the experimental data for the RF phase to optical power sensitivity factor with this model. Further investigations are in progress, particularly to simulate the 1/f phase noise in complex microwave optical systems using this approach.
